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Abstract
Using kinetic theory, we analyze the interplay of elastic and inelastic collisions in the thermalization of the quark-gluon
plasma. The main focus is the dynamics and equilibration of long wavelength modes.
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1. Introduction
Understanding how the system of gluons that are created in the early stage of a heavy ion collision
evolves into a locally equilibrated system remains an important and challenging problem, with many inter-
esting facets and open issues (see Ref. [1, 2] for reviews – a more up-to-date discussion is presented by
A. Kurkela at this conference [3]). Sticking to weak coupling approaches, much of the basic physics has
been identified over the last decade or so. This involves the plasma instabilities, and their potential role
in isotropizing the momentum distribution, the elastic and inelastic scatterings, and among the latter the
importance of soft radiation [4, 5], the role of the longitudinal expansion, etc. There exist detailed [4], and
very detailed [6], parametric analysis at weak coupling of these various physical processes. There are also
many numerical calculations, using either statistical classical field theory or kinetic equations.
The present contribution reports on work based on kinetic theory. We feel that there is room, aside from
numerical calculations and parametric estimates, for understanding based on (differential) equations that we
can control (semi) analytically. Our goal in these studies is to identify robust, generic qualitative behaviors
that emerge from solutions of simple kinetic equations. We are well aware of potential limitations of kinetic
theory in the present context, especially in the description of the very longwavelength modes. However,
the vast body of works on the thermalization of the quark-gluon plasma referring directly or indirectly to
kinetic theory, as well as the insight gained by simple analytical solutions, justifies in our view the present
exploration, and the postponement of its rigorous justification to a later stage.
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2. General setting
We describe the system of gluons1 that is produced in the initial stage of an ultra-relativistic heavy ion
collision using kinetic theory with a phase-space distribution function f (x, p) which is independent of spin
and color, uniform in space, and isotropic in momentum space2. The initial condition is inspired by the
color glass (CGC) picture [7], f (p) = f0 θ(1 − p/Qs), with Qs the saturation scale. The final state is given
by a Bose distribution of the form f (p) = [e(p−µeq)/Teq − 1]−1, with Teq and µeq respectively the equilibrium
temperature and chemical potential. A non vanishing µeq appears only when number changing processes
can be neglected. Then µeq can be either negative (underpopulation) or zero (overpopulation), with in the
latter case formation of a condensate. In all cases where µeq = 0, the equilibrium distribution is completely
determined by the temperature, which is itself fixed by the initial condition, and energy conservation.
For the chosen initial condition, the initial energy density in = f0Q4s/(8pi
2) matches the equilibrium
value, eq = T 4eqpi
2/30, for Teq = f
1/4
0 (15/4)
1/4Qs/pi ≈ 0.44 f 1/40 Qs. For realistic values of f0, this temperature
is less than Qs. It is only for a very large overpopulation, i.e., when f0 & 26, that Teq & Qs. The initial
particle number is nin = f0Q3s/(6pi
2), while in equilibrium for µeq = 0, neq = ζ(3)T 3th/pi
2 ∝ f 3/40 . The ratio
nin/neq = [ f
1/4
0 pi
3]/[6ζ(3)(15/4)3/4] is unity when f0 = fc ≈ 0.154. Depending on whether f0 > fc or f0 < fc,
the number density has to decrease or increase, respectively, in order for the system to reach equilibrium.
3. Elastic scattering alone
The approach to equilibrium with elastic scattering alone is described by the Boltzmann equation in the
small angle approximation, i.e., a Fokker-Planck equation of the form
∂ f (τ, p)
∂τ
= − 1
p2
∂
∂p
(
p2J(τ, p)
)
, J = −
[
Ia ∂p f + Ib f (1 + f )
]
. (1)
In the expression of the current J(τ, p), Ia and Ib are the following integrals
Ia ≡
∫
d3p
(2pi)3
f (p)(1 + f (p)), Ib ≡
∫
d3p
(2pi)3
2 f (p)
p
. (2)
The time τ is related to the physical time t by τ ≡ 4piα2N2c tLQs = 4pi3α¯2 tLQS , where L =
∫
dq/q is the
Coulomb logarithm, treated here as a constant, and all momenta are expressed in units of Qs.
Thermalization proceeds then with conserved particle number. A chemical potential quickly develops,
and, at small momenta, the solution acquires the form of an equilibrium distribution, f (p) ' T ∗/(p − µ∗),
with T ∗ and µ∗ time dependent parameters, with T ∗ = Ia/Ib and µ∗ < 0. As time passes, the chemical
potential increases and eventually vanishes at the onset of Bose condensation [8]. Beyond the onset3 there
exists a solution[9] that behaves at small p as Θ/p, which allows for a flux F of particles at the origin,
F (p = 0) = (4piIa/T ∗) (T ∗ − Θ) Θ. At the onset of condensation, Θ = T ∗. Just after onset, Θ becomes
rapidly larger than T ∗, producing a negative flux of particles at the origin. This is illustrated in Fig. 1.
The non-local character of the kinetic equation Eq. (1) is worth-emphasizing: although it looks like a
local partial differential equation for the function f (τ, p), there is in fact a non-linear coupling with the entire
solution through the integrals Ia and Ib. These integrals encode in particular the information of whether the
system is under or over populated. Just beyond the onset of condensation, however, Ia and Ib vary only
mildly, while the system is rapidly driven out of equilibrium, a behavior largely determined then by local
properties.
1We ignore quarks in the present discussion.
2We assume that isotropization takes place over shorter time scales than those involved in the processes that we discuss in this
paper.
3Equations that govern the evolution of the condensate in the small angle approximation [10], including finite mass effects[11],
have recently been obtained. However, the simple procedure that we follow here is sufficient for the present discussion.
J.-P. Blaizot et al. / Nuclear Physics A 00 (2018) 1–4 3
5 10 15 20
0.6
0.7
0.8
0.9
1.0
τ
I a
/I b&
IR
sl
op
Θ
Fig. 1. (Color online). The (blue) lower curve represents the effective temperature T ∗ = Ia/Ib as a function of time. The (red) upper
curve represents the coefficient Θ. Before onset, the distribution function is regular at the origin and Θ = 0. At onset, Θ = T ∗.
After the onset of condensation, a flow of particles quickly develops at the origin of momentum space and the system is rapidly driven
away from local equilibrium, with Θ becoming significantly larger than the local effective temperature T ∗ = Ia/Ib which stays almost
constant across the transition. At later times, Θ decreases and eventually converges back to T ∗. The calculation is done for moderate
overpopulation, f0 = 1. As f0 increases more and more particles tend to condense, and as a result the growth of the coefficient Θ just
beyond onset is more important.
4. Inelastic scattering alone
Thermalization can also be achieved by inelastic processes alone, which are dominated by the emission
or the absorption of soft gluons. To treat those processes, we exploit recent progress in their analytical
understanding in our work on medium induced cascades [12]. We describe those with a generalization of an
equation that has been studied in [12], that uses a simplified splitting kernel, and that can be brought to the
form4
∂τ f (p, τ) =
RT ∗
p3
{∫ ∞
0
dkK(p, p + k)Φ(p, p + k) −
∫ p
0
dkK(k, p)Φ(k, p)
}
, K(p, p′) =
p′3
p′ − p , (3)
where Φ(p, p′) ≡ f (p′) + f (p′) f (p) + f (p′ − p) [ f (p′) − f (p)] . The quantity R is a parameter, generically
of order unity [13], that we keep as a free parameter to control the relative strength of elastic and inelastic
scatterings. A simple analysis reveals that in the small p region, this equation reduces approximately to
∂τ f (p) ≈ RIap3
[
T ∗ − p f (p)] , (4)
whose solution is easily obtained. When one ignores the time dependence of Ia and T ∗, it reads
f (p, τ) =
T ∗
p
+
(
f0 − T
∗
p
)
e−P
2∗(τ)/p2 , P2∗(τ) = RIaτ, T
∗ =
Ia
Ib
. (5)
One sees that the small momentum behavior is controlled by an essential singularity, which implies that
the fixed point ∼ 1/p is reached in no time. As time progresses the fixed point solution is populated via a
diffusion wave centered at P∗(τ), as illustrated in Fig.2.
This is in complete consistency from what one obtains from exactly solving the full kernel numerically.
5. Interplay of elastic and inelastic scattering
Common to both types of processes is the rapid growth of the low momentum modes, and in the case
of overpopulated systems, the disappearance of particles at low momenta where the distribution function
behaves approximately as ∼ 1/p. However the way this is achieved is different in the elastic and the
inelastic cases. In the elastic case, the 1/p behavior develops gradually, via the building of a strong current
of particles towards small momenta, leading eventually to Bose condensation that eliminates the particles
4It is also a simplified version of the equation used in Ref. [14] .
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Fig. 2. (Color online). The solution f (p, τ) of Eq. (5) at small momenta and short times. The fixed point solution T ∗/p is indicated
by the blue dashed line. The wave front of the diffusion wave (centered at P∗ ∼ √τ) has the shape of a transient radiation spectrum
∼ 1/p−3 (yellow dashed line). The horizontal line indicates the initial condition f0 = 1.
that cannot be accomodated in the thermal spectrum. In the inelastic cases, the population of soft modes
is driven by radiation, which leads to a rapidly growing spectrum ∼ 1/p3, forcing local equilibrium to be
reached instantly at small p.
When both processes are present, it appears that the small p dynamics remain dominated by the inelastic
ones. The fast radiation of soft gluons, and the accompanying absorption, force the distribution to behave
as 1/p in no time. One might think that this could facilitate Bose condensation [13], as such a behavior is a
prerequisite. However, the very reasons that the inelastic processes force local equilibrium near p = 0 imply
a fast suppression of the excess particles, thereby hindering condensation, making it in fact unnecessary.
What is involved here is not so much the fact that the inelastic processes may be globally of comparable
magnitude as the inelastic ones (i.e. R ≈ 1). The major factor is radiation, which allows transport of
momenta over a wide range of momenta and on a very short time scale. This is a specific feature of gauge
theories, that do not show up in scalar theories for instance.
The present note focussed on what happens near p = 0, and how the particles in excess in the initial
distribution are eliminated. The detailed pattern of the evolution towards equilibrium depends on the value
of R. For instance if R is small, the bulk of the dynamics remains the same as in the absence of inelastic
processes, the influence of inelastic processes being significant only in the small region p < P∗. The
description of what happens for different values of R will be presented in a forthcoming publicaiton.
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